Abstract. Given a smooth projective variety over a perfect field of positive characteristic, we prove that the higher cohomologies vanish for the tensor product of the Witt canonical sheaf and the Teichmüller lift of an ample invertible sheaf. We also give a generalisation of this vanishing theorem to one of Kawamata-Viehweg type.
One of deep results of complex algebraic geometry is the degeneration of Hodge to de Rham spectral sequence. Indeed, it implies several important results such as the Hodge decomposition and the Kodaira vanishing theorem. Unfortunately Kodaira vanishing is known to fail in positive characteristic [Ray78] . On the other hand, one of positivecharacteristic counterparts of the Hodge decomposition is the slope decomposition of the Crystalline cohomologies by the de Rham-Witt complex [Ill79] . Thus it is natural to seek a positive-characteristic analogue of the Kodaira vanishing theorem in terms of de Rham-Witt complex. One of the purposes of this paper is to propose candidates as follows.
Theorem 1.1 (cf. Theorem 4.4, Theorem 4.5). Let k be a perfect field of characteristic p > 0 and let X be an N-dimensional smooth projective connected scheme over k. Let A be an ample invertible sheaf on X and let A be the Teichmüller lift of A (cf. Definition 3.10). Then Remark 1.2. We actually need to take the tensor product with Q in the statement (2) of Theorem 1.1, as H j (X, A −1 ) does not vanish in general (cf. Proposition 5.4).
Since we have established an analogue of the Kodaira vanishing theorem, it is tempting to find analogous results related to the Kodaira vanishing theorem. In this direction, we shall give a generalisation of Theorem 1.1 that can be considered as a vanishing theorem of KawamataViehweg type. Theorem 1.3 (cf. Theorem 4.3, Theorem 4.5). Let k be a perfect field of characteristic p > 0. Let f : X → Y be a projective k-morphism from an N-dimensional connected scheme X smooth over k to a scheme Y of finite type over k. Let A be an f -ample R-divisor on X such that Supp {A} is simple normal crossing. Let W O X (−A) be the Witt divisorial sheaf associated to −A (cf. Definition 3.1). Then It is worth mentioning that the cohomologies of the Teichmüller lifts of invertible sheaves can be infinite dimensional over W (k) ⊗ Z Q. More specifically, we shall prove the following statement. Theorem 1.5 (cf. Theorem 5.2, Theorem 5.3). Let k be a perfect field of characteristic p > 0 and set Q := W (k) ⊗ Z Q. Let X be a projective scheme over k such that dim X > 0. Let A be an ample invertible sheaf on X and let A be the Teichmüller lift of A (cf. Definition 3.10). Then the following hold.
(1) H i (X, A) ⊗ Z Q = 0 for any i > 0. (2) dim Q (H 0 (X, A) ⊗ Z Q) = ∞. (3) If X is smooth over k, then dim Q (H dim X (X, A −1 ) ⊗ Z Q) = ∞.
1.1. Description of proof. Let us overview some of the ideas of the proof of (1) of Theorem 1.1. The argument consists of three steps. The first step is to twist the finite levels W n (•) by Frobenius in order to achieve the vanishing, i.e. we can find a positive integer t such that
for any i > 0 and n > 0 (cf. Theorem 4.3(1)), where F X : X → X is the absolute Frobenius morphism. The second step is to go to the infinite level W (•) from the finite levels W n (•), i.e. we take the projective limit (cf. Theorem 4.3(3)):
The final step is to untwist the infinite level W (•) by Frobenius, i.e.
We can apply such an untwisting argument, thanks to the W O X -linear isomorphism W Ω Theorem 1.3 is proved basically by the same line as above after modifying some details. One of technical novelties is to show that W n O X (D) is a Cohen-Macaulay W n O X -module for any R-divisor D such that Supp {D} is simple normal crossing (Theorem 3.17). Another fundamental tool we shall frequently use is Ekedahl's result which asserts that W n Ω N X is isomorphic to the dualising sheaf of the structure morphism W n X → Spec W n (k) [Eke84, Theorem 4 .1]. Indeed, combining with Grothendieck duality, this result enables us to compute some cohomologies (cf. Proposition 3.19).
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2. Preliminaries 2.1. Notation. In this subsection, we summarise notation used in this paper.
(1) Throughout the paper, p denotes a prime number.
(2) We shall freely use the notation and terminology in [Har77] and [Ill79] . (3) Let N be a non-negative integer. A noetherian scheme X is pure
Frobenius morphism, i.e. the homeomorphic affine morphism such that the induced ring homomorphism can be written by
for any open subset U of X. An F p -scheme X is F -finite if F X : X → X is a finite morphism. (5) For an integral scheme X, we define the function field K(X) of X as the stalk O X,ξ at the generic point ξ of X. (6) For a field k, X is a variety over k or a k-variety if X is an integral scheme that is separated and of finite type over k. X is a curve over k or a k-curve (resp. a surface over k or a k-surface) if X is a k-variety of dimension one (resp. two). (7) Let X be a regular noetherian scheme. A closed subset Z of X is simple normal crossing if for the irreducible decomposition Z = i∈I Z i of Z and any subset J of I, the schemetheoretic intersection j∈J Z j is a regular scheme, where each Z i is equipped with the reduced scheme structure. (8) A morphism f : X → S of noetherian schemes is projective if there exists a closed immersion X ֒→ P n S over S for some non-negative integer n. We adopt the definition of projective morphisms by [Har77] (cf. [FGI + 05, Section 5.5.1]). (9) For an integral normal noetherian scheme X and a subring K of
i.e. I is a finite set, a i ∈ K and D i is a prime divisor for
α j E j for some α 1 , · · · , α s ∈ K and Cartier divisors E 1 , · · · , E s . Given a morphism f : Y → X of integral normal noetherian schemes and a K-Cartier K-divisor D with the equation D = s j=1 α j E j as above, we define the pullback f * D of D as s j=1 α j f * E j . We can check that this does not depends on the choice of expression D = s j=1 α j E j . (10) For r ∈ R, we define r (resp. r ) as the integer such that r ≤ r < r +1 (resp. r −1 < r ≤ r ). For an R-divisor D on an integral normal noetherian scheme X and its irreducible
(11) Let f : X → S be a projective morphism of noetherian schemes.
An invertible sheaf L on X is f -ample if there exists a nonnegative integer n, a closed immersion j : X ֒→ P n S over S and a positive integer m such that
Assume that X is an integral normal scheme. An R-Cartier R-divisor E on X is f -ample if we can write E = j∈J a j D j for some non-empty finite set J, a j ∈ R >0 and f -ample Cartier divisor D j . An R-Cartier R-divisor D is ample if D is g-ample for some projective morphism g : X → T to a noetherian affine scheme T . (12) For an F p -scheme X, we denote the ringed space (X, W n O X ) by W n X. It is well-known that W n X is a scheme. If X is an F -finite noetherian scheme, then W n X is a noetherian scheme [Ill79, Ch. 0, Proposiiton 1.5.6(ii)]. (13) For an abelian group H, we set H Q := H ⊗ Z Q. For a sheaf F of abelian groups on a topological space, F Q is the presheaf defined by Γ(U, F ) Q for any open subset U of X. If X is a noetherian space, it is known that F Q is automatically a sheaf. (14) A ring homomorphism ϕ : A → B is essentially smooth if there is a factorisation ϕ :
− → B such that ϕ 1 is a smooth ring homomorphism, B ≃ S −1 C for some multiplicative subset S of C, and ϕ 2 is the ring homomorphism induced by S. Let k be a perfect field of characteristic p > 0 and let X be a smooth scheme over k. It is easy to check that the Frobenius push-forward of the de Rham complex:
It is well-known that there is an exact sequence of O Xmodule homomorphisms:
Fix n ∈ Z >0 and assume that we have already defined (1) For any n ∈ Z ≥0 and r ∈ Z ≥0 , the sheaves B n Ω r X and Z n Ω r X are coherent locally free O X -modules. (2) For any n ∈ Z ≥0 and r ∈ Z ≥0 , there are exact sequences of O X -modules: 
that satisfy the following properties.
(1) For any n ∈ Z ≥0 , it holds that
where
(2) For any ring A and any elements α :
Proof. For a proof, see [Ser79, Ch. II, §6, disscussion after Theorem 6].
Lemma 2.4. We use the same notation as in Lemma 2.3. We equip Z[x 0 , y 0 , x 1 , y 1 , · · · ] with the graded Z-algebra structure such that (1) any element n of Z is an homogeneous element of degree zero, and (2) all x 0 , y 0 , x 1 , y 1 , · · · are homogeneous elements with deg x n = deg y n = p n . Then, for any non-negative integer n, S n (x 0 , y 0 , · · · , x n , y n ) is a homogeneous element of Z[x 0 , y 0 , x 1 , y 1 , · · · ] whose degree is equal to p n .
Proof. To relax notation, we set S n := S n (x 0 , y 0 , · · · , x n , y n ). We show the assertion by induction on n. As S 0 = x 0 + y 0 (cf. [Ser79, Ch. II, §6, Example after Theorem 7]), the assertion holds if n = 0. Thus assume that n > 0 and that S m is a homogeneous element with deg S m = p m if m < n. Recall that (2.3.1) and Lemma 2.3(1) induce the following equations (i) and (ii) respectively.
It follows from (i) that both w n (x 0 , · · · , x n ) and w n (y 0 , · · · , y n ) are homogeneous elements of degree p n . Hence, it holds by (ii) that w n (S 0 , · · · , S n ) is a homogeneous element with
By (i), we see that
Since S m is a homogeneous element of degree p m for m < n, it follows again from (i) that
Thanks to (2.4.1), (2.4.2) and (2.4.3), we have that S n is a homogeneous element of degree p n , as desired. 
, where we consider {W n Ω r X } n∈Z >0 as a projective system via R.
Lemma 2.5. Let k be a perfect field of characteristic p > 0 and let X be a scheme of finite type over k. Then W n Ω r X is a coherent W n O Xmodule for any n ∈ Z >0 and any r ∈ Z ≥0 .
Proof. Thanks to [Ill79, Ch. I, Proposition 1.
Hence, it is enough to prove that Ω 1 Wn(A)/Z is a finitely generated W n (A)-module. Thanks to [Mat89, Theorem 25 .1], we have an exact sequence:
Proposition 2.6. Let k be a perfect field of characteristic p > 0 and let X be an N-dimensional smooth variety over k. Then, for any n ∈ Z >0 and any r ∈ Z ≥0 , there exist exact sequences Lemma 2.7. Let k be a perfect field of characteristic p > 0 and let X be an N-dimensional smooth variety over k. Then, for any n ∈ Z >0 , any r ∈ Z ≥0 and any non-empty open subset U of X, the induced map
Proof. We may assume that U is an affine open subset of X. By Proposition 2.6, we have an exact sequence
X is a coherent locally free O X -module. Thus, the assertion follows from the snake lemma and induction on n.
Theorem 2.8. Let k be a perfect field of characteristic p > 0 and let X be an N-dimensional smooth variety over k. Then, for any positive integer e, the Frobenius homomorphism 3. Witt divisorial sheaves 3.1. Basic properties. In this subsection, we introduce Witt divisorial sheaves: W O X (D) and W n O X (D) (Definition 3.1). We also establish some fundamental properties such as coherence of W n O X (D) (Proposition 3.7) and invariance under linear equivalence (Lemma 3.8).
Definition 3.1. Let X be an integral normal noetherian F p -scheme. Let D be an R-divisor on X. Then we define the subpresheaf
for any open subset U of X, where div(ϕ n ) denotes the principal divisor associated to ϕ n . By definition,
Remark 3.2. We use notation as in Definition 3.1. If we identify W (K(X)) with the infinite direct product ∞ n=0 K(X) as sets, then it follows by definition that as subsets of
Remark 3.3. We use notation as in Definition 3.1. Fix a positive integer n. Thanks to Remark 3.2, we obtain equations of subsets of
Thus, if E is an effective R-divisor on X, then there exists a positive real number ǫ such that the equation
holds as subsheaves of the constant sheaf
Lemma 3.4. Let X be an integral normal noetherian F p -scheme. Let D be an R-divisor on X. Then the following hold.
(
Proof. Let us show (1). We may assume that X = U and X is affine,
. By Lemma 2.3, we have that
for some polynomials
satisfying the properties listed in Lemma 2.3. We equip the polynomial ring Z[x 0 , y 0 , x 1 , y 1 , · · · ] with the structure of graded Z-algebra defined in the statement of Lemma 2.4, i.e. we consider Z[x 0 , y 0 , x 1 , y 1 , · · · ] as a wighted polynomial ring such that deg
we have that
In other words, we obtain ϕ
Thus, for any b ∈ A and any m ∈ Z ≥0 , it suffices to prove that
We have that
Therefore, we get aϕ ∈ Γ(X, W O X (D)). Thus, (1) holds. Let us show (2). By the same argument as in (1), we have that
We may assume that X = Spec A. Take f ∈ A \ {0}. It suffices to show that the natural W n (A) f -module homomorphism
is bijective. Since θ is compatible with the inclusions to W n (K(X)), it holds that θ is injective. Let us prove that θ is surjective. Take
Thus, θ is surjective. Hence, (2) holds.
Remark 3.5. We use notation as in Definition 3.1. Take an open subset X ′ of X such that X ′ contains all the points of codimension one in X. Let j :
Proposition 3.6. Let X be an integral normal noetherian F p -scheme and let D be an R-divisor on X. Then there are exact sequences of W O X -module homomorphisms:
for any positive integers n and m.
Proof. Let us prove that the first sequence (3.6.1) is exact. This is a subcomplex of the exact sequence
In particular,
hence the sequence (3.6.1) is exact. It holds by the same argument that also (3.6.2) is exact.
Proposition 3.7. Let X be an integral normal F -finite noetherian F pschemes. Let D be an R-divisor on X. Then, for any positive integer
Proof. Thanks to Lemma 3.4(2),
Thus the assertion follows from induction on n and the exact sequence (3.6.2) of Lemma 3.6.
Lemma 3.8. Let X be an integral normal noetherian F p -scheme. Assume that R-divisors D 1 and D 2 on X are Z-linearly equivalent i.e.
Proof. We have an O X -module isomorphism:
Therefore, the W O X -module homomorphism
Lemma 3.9. Let X be an integral normal noetherian F p -scheme. Let D be an R-divisor on X and let F be a quasi-coherent W n O X -module such that the induced map F (U) → F ξ is injective for any non-empty open subset U of X, where F ξ denotes the stalk at the generic point ξ of X. Then the natural W O X -module homomorphism
is an isomorphism.
Proof. Let us recall that θ is obtained as follows. Applying the contravariant functor
we obtain a W O X -module homomorphism
Since both W n O X (D) and F are W n O X -modules, we have a natural isomorphism
Then we set θ := θ ′ • τ . Since ρ is surjective and Hom W O X (−, F ) is left exact, it holds that θ is injective. Thus it suffices to prove that θ is surjective. Assume that X is affine and fix a W O X -module homomorphism
It is enough to construct a W n O X -module homomorphism
and F ξ as the corresponding constant sheaves on X, we have isomorphisms
where the isomorphism (3.9.1) can be checked directly, the first isomorphism of (3.9.2) holds by [Ill79, Ch. 0, (1.5.2)] and the second isomorphism of (3.9.2) follows from the assumption that F is quasicoherent. Then we obtain a commutative diagram:
where f ′ is induced by f and f ′′ is defined as f ′ ⊗ WnO X W n (K(X)) via (3.9.1) and (3.9.2). It follows from direct computation that
Therefore, we get a W n O X -module homomorphism
where the last isomorphism holds by the assumption that F (U) → F ξ is injective. By construction, we can check that θ(g) = f .
Teichmüller lifts of invertible sheaves.
In this subsection, we introduce Teichmüller lifts of invertible sheaves (Definition 3.10). This notion will turn out to be a special case of Witt divisorial sheaves for normal varieties (Proposition 3.12).
Definition 3.10. Let X be an F p -scheme and let L be an invertible O X -module. Then L can be represented by {(U i , f ij )} i∈I satisfying the following properties:
• U i is an open affine subset of X for any i ∈ I.
• X = i∈I U i .
• f ij ∈ Γ(U ij , f ij ) × for any i, j ∈ I, where
Note that L coincides with the invertible W O X -module corresponding to the image of L by the group homomorphismȞ
In particular, the isomorphism class of L does not depend on the choice of representation {(U i , f ij )} i∈I . For any positive integer n, we define the invertible W n O X -module L ≤n in the same way.
Proposition 3.12. Let X be an integral normal noetherian F p -scheme. Let D be a Cartier divisor on X. Then the following hold.
Proof. Let us show (1). By definition of Cartier divisors, D is represented by {(U i , f i )}, where X = i∈I U i is an affine open cover of X,
Therefore, we get an equation
as subsheaves of the constant sheaf W (K(X)), where the right hand side is isomorphic to
i f j )}, which is isomorphic to the Teichmüller lift O X (D). Thus (1) holds. We omit the proof of (2), as we can apply the same argument as in (1).
3.3. Pullback of divisors. In this subsection, we observe relation between Witt divisorial sheaves and the behaviour of pullbacks of divisors (Lemma 3.14, Lemma 3.16). First let us recall definition of pullbacks of R-divisors.
(Definition of pullback). Let
Since f is dominant, we have a field extension ϕ : K(Y ) ֒→ K(X), which induces an injective ring homomorphism
In the following, we shall define
compatible with W (ϕ), under the assumption that
(1) D is R-Cartier, or (2) f is separated and quasi-finite.
(1) First we assume that D is R-Cartier. Then f * D is defined as in Subsection 2.1(9), hence we have
that is compatible with ϕ. Thus, W (ϕ) induces W O Y -module homomorphism:
(2)' As a special case of (2), we treat the case when f is a finite morphism. Let X 0 and Y 0 be the regular locus of X and Y respectively. Note that X 0 and Y 0 are open subsets of X and Y respectively, because X and Y are assumed to be excellent schemes. We set
and let f 1 : X 1 → Y 1 be the induced morphism. We define f * D as the closure of the R-divisor f * 1 D| Y 1 on X 1 . By (1), we have an
compatible with W (ϕ). Thanks to Remark 3.5, we get a W O Y -module homomorphism
compatible with W (ϕ), where j : Y 1 ֒→ Y is the induced open immersion.
(2) Finally we treat the case when f is a separated quasi-finite morphism. By [Fu11, Theorem 1.10.13], there is a factorisation
where Z is an integral normal excellent F p -scheme, i is an open immersion and g is a finite morphism. We define f
,
where δ is the restriction map. By the same argument as above, if one of (1) and (2) holds, then we
Lemma 3.14. Let f : X → Y be a finite surjective morphism of integral normal excellent F p -schemes. Assume that the induced field extension K(Y ) ⊂ K(X) is Galois and that the cardinality of its Galois group G is not divisible by p. Let D be an R-divisor on Y . Then the following hold.
that is defined in (3.13) splits for any n ∈ Z ≥1 . (2) The induced W O Y -module homomorphism (3.13)
that is defined in (3.13) splits.
Proof. We omit the proof of (1), as it is the same as the one of (2). Let us prove (2). Removing closed subsets of X and Y whose codimensions are at least two, we are reduced to the case when • both X and Y are regular, and
For any σ ∈ G, the K(Y )-algebra automorphism σ :
In particular, we obtain W O Y -module homomorphisms:
Step 1. The induced ring homomorphism
Proof of Step 1. Since θ is automatically injective, it suffices to prove that θ is surjective. Take
, and W (σ)(b) = b for any σ ∈ G. Then we have that
hence σ(b i ) = b i for any i ≥ 0 and σ ∈ G. Therefore, b i ∈ K(Y ) for any i ≥ 0. This completes the proof of Step 1.
Step 2. The induced O Y -module homomorphism
Proof of Step 2. Replacing D by a slightly larger Q-divisor, we may assume that D is a Q-divisor (cf. Remark 3.3). It is obvious that ρ is injective, hence let us prove that ρ is surjective. Since the problem is local on Y , we may assume that
for some q ∈ Q \ {0} and ψ ∈ K(Y ) × . Take
We have that f * (div(ϕ) + qdiv(ψ)) ≥ 0.
Let m ∈ Z >0 such that mq ∈ Z. It holds that
This implies that div(ϕ) + qdiv(ψ) ≥ 0, which is equivalent to ϕ ∈ Γ(X, D).
Thus, ρ is surjective. This completes the proof of Step 2.
Step 3. The induced W O Y -module homomorphism:
Proof of Step 3. It is clear that ρ ′ is injective, hence let us prove that
Then, for any n ∈ Z ≥0 , it holds that
where the last equation follows from Step 2. Therefore, ρ ′ is surjective. This completes the proof of Step 3.
Step 4. The assertion (2) holds.
Proof of Step 4. We have an W O Y -module homomorphism:
Then T gives the splitting of the natural
Thus (2) holds, which completes the proof of Step 4.
Step 4 completes the proof of Lemma 3.14.
Remark 3.15. With notation as in the statement of Lemma 3.14, the W O Y,Q -module homomorphism
splits. Furthermore, this splitting holds even if we drop the assumption that f is Galois. Although we do not use this fact in the paper, let us give a sketch of a proof. If f is purely inseparable, then γ is an isomorphism automatically. If f is Galois, then the same proof as above works even for the case when |G| is divisible by p. If f is separable, then the problem can be reduced, by taking a splitting field, to the case when f is Galois.
Lemma 3.16. Let f : X → Y be anétale morphism of regular excellent
induced by (3.13) is an isomorphism, where W n f denotes the induced morphism W n X → W n Y of schemes.
Proof. Recall that the W n O X -module homomorphism
defined in (3.13) induces, by adjoint, a W n O Y -module homomorphism
It follows from [Ill79, Ch. 0, Proposition 1.5.8] that
Thus we get a commutative diagram:
where both the horizontal sequences are exact (cf. Proposition 3.6). By the snake lemma and induction on n, it suffices to prove that
is an isomorphism. Since f isétale, f * S is a reduced divisor for any prime divisor S of Y . Thus we have that
Replacing D by D , we may assume that D is a Cartier divisor. In this case, we can check directly that α 1 is an isomorphism.
3.4. CM-ness of W n O X (D). In this subsection, we prove that
is Cohen-Macaulay under suitable conditions (Theorem 3.17). As an application, we obtain some vanishing of Ext sheaves (Proposition 3.19).
Theorem 3.17. Let k be a perfect field of characteristic p > 0 and let X be an affine integral scheme essentially smooth over k (cf. Subsection 2.1(14)). Let D be an R-divisor on X such that Supp {D} is simple normal crossing. Then, for any positive integer n,
Proof. Set A := Γ(X, O X ). We divide the proof into two steps.
Step 1. Theorem 3.17 holds if (1) ℓD is a Z-divisor for some prime number ℓ such that p = ℓ, and (2) there exists an element ζ ∈ A such that ζ ℓ = 1 and ζ = 1.
Proof of Step 1. Since the problem is local, we may assume that A is a local ring. By (1), there are integers e 1 , · · · , e N and a regular system of parameter 
Thus it is enough to prove that any maximal ideal n ′′ of B contains n ′ . Since A → B is a finite injective ring homomorphism, it holds that n ′′ ∩ A is equal to the maximal ideal of A, hence x 1 , · · · , x n ∈ n ′′ . As
it holds that y i ∈ n ′′ . Therefore, we get n ′′ ⊃ n ′ , as desired. This completes the proof of Claim 3.18.
Let us go back to the proof of Step 1. For Y := Spec B, f : Y → X is a finite surjective morphism of excellent regular affine schemes such that K(X) ⊂ K(Y ) is a Galois extension whose degree is not divisible by p. In particular, the induced W n O X -module
splits (Lemma 3.14). Since
This completes the proof of Step 1.
Step 2. Theorem 3.17 holds without any additional assumption.
Proof of
Step 2. By Remark 3.3, we may assume that there exists a prime number ℓ such that ℓ = p and ℓD is a Z-divisor. If A contains a primitive ℓ-th root of unity, then we are done by Step 1. Thus we may assume that A does not contain any primitive ℓ-th roots of unity. Then it holds that
is a finiteétale ring homomorphism to an integral domain C. Set Z := Spec C and let
be the induced morphism. Then Z an affine integral scheme that is essentially smooth over k. Since D Z := g * D is a Q-divisor such that Supp{D Z } is simple normal crossing and ℓD Z is a Z-divisor, it follows from Step 1 that
Lemma 3.16, we have an isomorphism:
This completes the proof of Step 2.
Step 2 completes the proof of Theorem 3.17.
Proposition 3.19. Let k be a perfect field of characteristic p > 0 and let X be an N-dimensional smooth variety over k. Let D be an Rdivisor on X such that Supp {D} is simple normal crossing. Then, for any non-negative integer e and positive integers n and m satisfying n ≥ m, the isomorphism
Proof. The assertion follows from isomorphisms:
where the first isomorphism holds by Grothendieck duality, the second isomorphism follows from [Eke84, Theorem 4.1] and we obtain the third isomorphism by Theorem 3.17 and [BH93, Theorem 3.5.8].
Vanishing theorems
The purpose of this section is to prove the main theorems of this paper (Theorem 4.3, Theorem 4.4, Theorem 4.5). We start with auxiliary results: Lemma 4.1 and Lemma 4.2.
Lemma 4.1. Let f : X → Y be a projective k-morphism of noetherian schemes from a regular scheme X. Let A be an f -ample R-divisor and let M be a coherent sheaf on X. Then there exists a positive integer s 0 such that
for any i ∈ Z >0 , s ∈ R ≥s 0 and t ∈ Z >0 .
Proof. We may assume that Y is affine, say Y = Spec R. We can write
for some f -ample Q-divisor A 1 and f -ample R-divisor A 2 . Thanks to [Kee03, Theorem 1.5], there exists a positive integer s 1 such that s 1 A 1 is a Z-divisor and the equation
holds for any i > 0 and f -ample Z-divisor N on X. There exists a positive integer s 2 such that sA and (s − s 1 )A 1 + sA 2 are f -ample for any s ∈ R ≥s 2 . Set s 0 := max{s 1 , s 2 }. It holds by (4.1.1) that
for any i ∈ Z >0 , s ∈ R ≥s 0 and t ∈ Z >0 , since the following Z-divisor N is f -ample:
Lemma 4.2. Let k be a perfect field of characteristic p > 0. Let f : X → Y be a projective k-morphism from a smooth k-scheme X to a scheme Y of finite type over k. Let A be an f -ample R-divisor. Then there exists a positive integer s 0 such that
, e ∈ Z ≥0 and s ∈ R ≥s 0 .
Proof. For any i ∈ Z >0 and coherent O X -module M, it holds that
Thus, Lemma 4.1 enables us to find a positive integer s 0 such that the equations (4.2.1) and (4.2.2) hold for any i ∈ Z >0 , n ∈ {0, 1}, r ∈ Z ≥0 , e ∈ Z ≥0 and s ∈ R ≥s 0 . Since the functors (F e X ) * and Hom O X (O X (−sA), −) are exact, the assertion follows from Proposition 2.2 and induction on n.
Theorem 4.3. Let k be a perfect field of characteristic p > 0. Let f : X → Y be a projective k-morphism from an N-dimensional smooth k-variety X to a scheme Y of finite type over k. Let A be an f -ample R-divisor on X such that Supp {A} is simple normal crossing. Then the following hold.
(1) There exists a positive integer s 1 such that
, n ∈ Z >0 and s ∈ R ≥s 1 .
(2) There exists a positive integer s 2 such that
for any q ∈ Z >0 and s ∈ R ≥s 2 . (3) There exists a positive integer s 3 such that
Proof. Let us show (1). For any s ∈ R, we have an exact sequence (Proposition 3.6):
It follows from Proposition 3.19 that we have an exact sequence
Thus we obtain a long exact sequence
By Lemma 4.2 and induction on n, we can find s 1 such that
)) = 0 for any n ∈ Z ≥1 and any s ∈ R ≥s 1 . By Lemma 2.7 and Lemma 3.9, we have that
for any n ∈ Z ≥1 . Hence, (1) holds.
Let us show (2). Set
. Assume that Y is affine. Thanks to [CR12, Lemma 1.5.1], it suffices to prove that (a) H i (Y, E n ) = 0 for any i ∈ Z >0 and n ∈ Z >0 . (b) The induced homomorphism E n+1 → E n is surjective. By (4.3.1) and Proposition 3.7, E n can be considered as a coherent W n O X -module. Thus, (a) holds. Let us prove (b). By Lemma 4.2, there exists a positive integer s 2 such that
, n ∈ Z ≥0 and s ∈ R ≥s 2 . Thus, we get
Thanks to Proposition 2.6 and Lemma 3.9, it holds that
for any i ∈ Z >0 , n ∈ Z ≥0 and s ∈ R ≥s 2 . Again by Proposition 2.6, we see that (b) holds. This completes the proof of (2).
Let us show (3). We set s 3 := max{s 1 , s 2 }. For any s ∈ R ≥s 3 , we obtain isomorphisms in the derived category of W O X -modules:
where the third and last isomorphisms hold by (2) and the fifth one follows from (1). Thus (3) holds. Let us show (4). In the following argument, we denote by
) the isomorphisms of ringed spaces induced by Frobenius. In particular, we have that
Fix a positive integer t such that p t ≥ s 3 . Then we obtain isomorphisms of the derived category of W O X,Q -modules:
, where the first and fourth isomorphisms hold by (4.3.2), the second one by the fact that (F 
for any i > 0. Then the assertion holds by the following calculation:
where the first isomorphism follows from Theorem 2.8, the second one holds by the projection formula ([Gro64, Ch. 0, (5.4.10)]), the third one follows from the fact that (F Theorem 4.5. Let k be a perfect field of characteristic p > 0 and let X be an N-dimensional smooth projective variety over k. Let A be an ample R-divisor on X. Then the following hold.
(1) There exists a positive integer s 0 such that
for any n ∈ Z >0 , j ∈ Z <N and s ∈ R ≥s 0 . (2) There exists a positive integer s 0 such that
Proof. For any R-divisor D on X, Proposition 3.6 induces an exact sequence of W O X -homomorphisms:
Thus, by [Har77, Ch. III, Theorem 7.6], there exists a positive integer s 0 such that
for any n ∈ Z >0 , j ∈ Z <N and s ∈ R ≥s 0 . Thus (1) holds. Therefore, we have that
for any j < N and s ∈ R ≥s 0 , where the isomorphism follows from the fact that the induced projective system {H j (X, W n O X (−sA))} n∈Z >0 satisfies the Mittag-Leffler condition (cf. [CR12, Lemma 1.5.1]). Hence (2) holds. Fix t ∈ Z >0 such that p t ≥ s 0 . Then we get
for j < N, where the first isomorphism follows from the W O X,Q -module isomorphism
and the second one holds by the fact that the functor (F t X ) * is exact. Hence, (3) holds. Theorem 5.1. Let f : X → Y be a projective morphism of F -finite noetherian F p -schemes. Let A be an f -ample invertible sheaf on X and let I be a coherent ideal sheaf on X. Then the equation
holds for any positive integer i > 0.
Proof. We can find a positive integer s 1 such that
for any i ∈ Z >0 and any s ∈ Z ≥s 1 . We have an exact sequence of W O X -modules:
Thanks to (5.1.1) and (5.1.2), we get
where the second isomorphism follows from the projection formula, the third one holds by the fact that the functors (F Theorem 5.2. Let k be a perfect field of characteristic p > 0 and set Q := W (k) Q . Let X be a projective scheme over k such that dim X > 0. Let A be an ample invertible sheaf on X. Then the following hold.
Proof. Since (1) follows directly from Theorem 5.1, let us prove (2). Fix an arbitrary positive integer m. Thanks to dim X > 0, we can find distinct closed points P 1 , · · · , P m of X. Let Y be the reduced closed subscheme of X that is set-theoretically equal to {P 1 , · · · , P m }. Thanks to the exact sequence
Theorem 5.1 implies that the induced map
is surjective. Hence, it holds that
Since m was chosen to be an arbitrary positive integer, the assertion (2) holds.
5.2. Anti-ample divisors.
5.2.1. The highest cohomology. The purpose of this subsection is to prove Theorem 5.3, which can be considered as a dual of Theorem 5.2(2).
Theorem 5.3. Let k be a perfect field of characteristic p > 0 and set Q := W (k) Q . Let X be an N-dimensional smooth projective scheme over k such that N > 0. Let A be an ample invertible sheaf on X.
Proof. Replacing X by an N-dimensional irreducible component, we may assume that X is connected.
Step 1. There exists a positive integer s 1 such that the map
Proof of Step 1. We have an exact sequence
for a coherent locally free sheaf B (Proposition 2.2). By [Har77, Ch. III, Theorem 7.6(b)], we have that
for s ≫ 0. This completes the proof of Step 1.
Step 2. There exists a positive integer s 2 ∈ Z >0 such that the map where both the horizontal sequences are exact. By the snake lemma and induction on n, Step 1 implies Step 2.
Step 3. There exists a positive integer e 3 ∈ Z >0 such that the map
induced by Frobenius W O X → (F X ) * (W O X ) is injective for any s ∈ Z ≥s 3 .
Proof of
Step 3. Set s 3 := s 2 . Since the projective system {H i (X, (F e X ) * L ≤n )} n∈Z >0 satisfies the Mittag-Leffler condition for any i ∈ Z ≥0 , e ∈ Z ≥0 and invertible sheaf L, [CR12, Lemma 1.5.1] implies that
Thus
Step 3 follows from Step 2.
Step 4. There exists a positive integer s 4 ∈ Z >0 such that the map Step 5. There exists a positive integer s 5 ∈ Z >0 such that H N (X, A −s ) is a p-torsion free W (k)-module for any s ∈ Z ≥s 5 .
Step 5. Set s 5 := max{s 3 , s 4 }. Since p = F V = V F , the assertion follows from Step 3 and Step 4.
Step 6. Let ν 0 be a positive integer. Then there exists a positive integer s 0 ∈ Z >0 such that for any s ∈ Z ≥s 0 , H N (X, A −s ) is a p-torsion free W (k)-module whose rank is larger than ν 0 . Proof of Step 6. By Serre duality, we can find a positive integer s Therefore, ζ 0 , · · · , ζ ν 0 is linearly independent over W (k). This completes the proof of Step 6.
The assertion of Theorem 5.3 follows from
Step 6 and the isomorphisms of Q-vector spaces:
Cohomologies with torsion elements.
The following proposition shows that we actually need to take the tensor product with Q in the statement (2) of Theorem 1.1.
Proposition 5.4. Let k be an algebraically closed field of characteristic p > 0 and let n be an integer satisfying n ≥ 2. Then there exist an ndimensional smooth projective variety X over k and an ample invertible sheaf A on X such that H 1 (X, A −1 ) = 0 or H 2 (X, A −1 ) = 0.
Proof. By [Muk13, Theorem 2], there exist an n-dimensional smooth projective variety X and an ample invertible sheaf L on X such that H 1 (X, L −1 ) = 0. Thanks to an exact sequence (Proposition 3.6):
Setting A := L or A := L p , we are done.
